A new simple dynamo model for stellar activity cycle by Yokoi, Nobumitsu et al.
ar
X
iv
:1
60
1.
06
34
8v
2 
 [a
str
o-
ph
.SR
]  
4 A
pr
 20
16
A new simple model for stellar cycle submitted to Astrophys. J, NORDITA-2016-5
A new simple dynamo model for stellar activity cycle
N. Yokoi,1, a) D. Schmitt,2, b) V. Pipin,3 and F. Hamba1
1)Institute of Industrial Science, University of Tokyo, Tokyo 153-8505, Japan
2)Max-Planck Institut fu¨r Sonnensystemforschung, Go¨ttingen 37077, Germany
3)Institute of Solar–Terrestrial Physics,Russian Academy of Science, Irkutsk 664033,
Russia
(Dated: 31 March 2016)
A new simple dynamo model for stellar activity cycle is proposed. By considering an inhomogeneous mean
flow effect on turbulence, it is shown that turbulent cross helicity (velocity–magnetic-field correlation) should
enter the expression of turbulent electromotive force as the coupling coefficient for the mean absolute vorticity.
The inclusion of the cross-helicity effect makes the present model different from the current α–Ω-type models
mainly in two points. First, in addition to the usual α (helicity effect) and β (turbulent magnetic diffusiv-
ity), we consider the γ coefficient (cross-helicity effect) as a key ingredient of the dynamo process. Second,
unlike the α and β coefficients, which are often treated as an adjustable parameter in the current studies,
the spatiotemporal evolution of γ coefficient should be solved simultaneously with the mean magnetic-field
equations. The basic scenario for the stellar activity cycle in the present model is as follows: In the presence
of turbulent cross helicity, the toroidal field is induced by the toroidal rotation in mediation by the turbulent
cross helicity. Then, as usual models, the α or helicity effect generates the poloidal field from the toroidal
one. This poloidal field, induced by the α effect, produces a turbulent cross helicity whose sign is opposite
to the original one (negative production of cross helicity). The cross helicity with the opposite sign starts
producing a reversed toroidal field. Eigenvalue analyses of the simplest possible present model give a butterfly
diagram, which confirms the above scenario as well as the equator-ward migrations, the phase relationship
between the cross helicity and magnetic fields, etc. These results suggest that the oscillation of the turbulent
cross helicity is a key for the activity cycle. The reversal of the turbulent cross helicity is not the result of the
magnetic-field reversal, but the cause of the latter. This new model is expected to open up the possibility of
the mean-field or turbulence closure dynamo approaches.
PACS numbers: 95.30.Qd, 96.60.Hv, 96.60.Q, 96.60.qd
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I. INTRODUCTION
Stellar magnetic activity cycle, in particular the so-
lar one, has been investigated in an elaborative man-
ner with several types of dynamo model1–3. Depend-
ing on the ingredients of the models, such as the field-
generation mechanism, location for the dynamo action to
work, role of the large-scale flows, etc., the dynamo model
may be classified into several categories or classes. The
mean-field α–Ω dynamos4–7, the interface dynamos8,9,
the flux-transport dynamos10–13, the nonlinear dynamic
dynamos14–22, are representative ones.
Among others, the migrating mean-field dynamo
mechanism4,6 has been paid considerable attentions be-
cause of the novelty of its physical insights and the sim-
plicity of the model structure. In the presence of heli-
cal properties of fluid motions, magnetic fields moving in
the fluid can be twisted, leading to a possibility of the
magnetic-field configuration that is perpendicular to the
original magnetic-field one4. This effect is usually called
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the α effect. Under this effect, the poloidal field can
be generated from the twisted toroidal magnetic field.
In addition to the α effect, if fluid motions perpendic-
ular to the magnetic field are nonuniform with respect
to the magnetic-field direction, the magnetic field ad-
vected by the inhomogeneous flow leads to a magnetic-
field configuration that is perpendicular to the original
one. This differential-rotation effect is often called the Ω
effect. If the toroidal flow in the solar convection zone
is nonuniform along the latitudinal direction, a toroidal
magnetic field can be produced from a poloidal one.
Combination of the α and Ω effects may lead to an oscil-
lational behavior of the toroidal and poloidal magnetic-
field components. On the basis of this notion, Parker 4
constructed a system of equations for the poloidal and
toroidal magnetic-field components represented by the
toroidal component of the vector potential, Aφ(≡ A), and
the toroidal component of the magnetic field, Bφ(≡ B).
In this system of equations (Parker equations), the sta-
tistical properties of small-scale or turbulent motions are
represented by two transport coefficients, α and β.
The expressions for α and β are obtained with the
aid of a magnetohydrodynamic (MHD) turbulence clo-
sure theory. The expressions of α and β depend on the
closure theory adopted, ranging from simplest parameter
expressions with no closure to elaborated ones based on
a sophisticated MHD theory and modeling. The coef-
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ficient α represents the helical properties of turbulence.
On the other hand, β represents the enhanced or effec-
tive magnetic diffusivity due to turbulence. This effect is
often called the turbulent magnetic diffusivity or anoma-
lous resistivity. Under the assumption that the magnetic
Reynolds number is low (Rm ≪ 1 where Rm = UL/η,
U : characteristic velocity, L: characteristic length, and
η: magnetic diffusivity), α can be expressed in terms of
the turbulent kinetic helicity 〈u′ · ω′〉 [u′: velocity fluc-
tuation, ω′(= ∇ × u′): vorticity fluctuation, 〈· · ·〉: en-
semble average]. However, it is well-known that in the
high-Rm case, which is much more relevant to astrophys-
ical phenomena, α is expressed not only by the kinetic
helicity but also with the correction due to the turbu-
lent current helicity 〈b′ · j′〉 [b′: magnetic-field fluctua-
tion, j′(= ∇×b′): electric-current density fluctuation]23.
Since α and β represent how much magnetic field is gener-
ated and destroyed by turbulence, respectively, the eval-
uations of α and β, as well as the spatiotemporal dis-
tribution and evolution of the differential rotation, are
essential information for the evolution of the Parker’s
equations. For a review of MHD closure theories in dy-
namos and more elaborated analysis of the inhomoge-
neous MHD turbulence, see Brandenburg & Subrama-
nian 1 , Yoshizawa 24 , Yokoi 25 .
Not a few studies have been done in this framework of
the Parker equations. By assuming some flow configura-
tions compatible with the observation then, Steenbeck &
Krause 26 , Yoshimura 27,28 succeeded in numerically re-
producing the latitudinal evolution of the toroidal mag-
netic field (butterfly diagram). In order to obtain the
equatorward migration of the toroidal magnetic field, it is
required that the angular velocity should decrease as the
radius increases in the solar convection zone (∂ωF/∂r < 0
for the positive α in the northern hemisphere, ωF: an-
gular velocity). However, the developments of helioseis-
mology revealed that the real radial distribution of the
angular velocity in the solar convective zone does not sat-
isfy this requirement. In addition to this point, Parker
himself argued the limitation of the α dynamo in the
solar convection zone from the viewpoint of magnetic-
field buoyancy29. Once the magnitude of a magnetic
field has been amplified to some level, the magnetic flux
tube starts moving upward from deeper to shallower re-
gions. Since this buoyancy convection timescale, even for
a very weak magnetic flux tube, is estimated very short as
compared with the α-dynamo amplification timescale, it
reaches the solar surface without being sufficiently ampli-
fied by the dynamo. This is called the magnetic buoyancy
dilemma intrinsic to the magnetic flux tube.
These difficulties have been considered to be obviated
by assuming that the dynamo action is operated in a
convectively stable thin layer between the radiative and
convection zones29. This region is associated with a large
differential rotation and is called the tachocline. In the
tachocline dynamo picture, the solar magnetic field is
generated by a strong differential rotation there, and may
have enough time to be amplified by the α dynamo before
it rises up by the magnetic buoyancy30,31.
As mentioned above, depending on the location of the
field generation, the dynamo models are divided into two
types; (i) the flux-transport dynamo, which operates in
the overshoot layer below the bottom of convection zone;
and (ii) the mean-field distributed dynamo, which works
in the bulk of the convection zone in particular at the
subsurface shear layer.
On the surface of the Sun, large-scale meridional cir-
culations with the speed of ∼ 15 m s−1 in the pole-
ward direction have been observed. The combination
of the meridional circulation and the α–Ω mean-field
model demonstrated its ability to reproduce the basic
features of the solar magnetic activity cycle such as the
equatorward migration of the sunspots, the cycle period,
the phase difference between the poloidal and toroidal
magnetic fields. In the combination with meridional
circulations or convective-diffusive motions such as the
Babcock–Leighton-type convection, which produces the
east-west tilt of the sunspot pairs under the action of
the Coriolis force on the magnetic flux tube during its
rise through the convection zone, it is expected that the
tachocline dynamo can reproduce several properties of
solar activity cycle11,32. This approach is called the flux-
transport dynamo. In practical numerical simulations of
the model, the large-scale fluid motion is fixed according
to the helioseismology observation data.
It should be noted that the thin flux tube simulations
by D’silva & Choudhuri 33 , Fan, Fisher & DeLuca 34 ,
Caligari, Moreno-Insertis & Schu¨ssler 35 showed that,
with their initial and boundary conditions, the magnetic
field energy is greater than the turbulent equipartition
energy inside the convection zone, so it is hard for the
toroidal field lines represented by the flux tube to be
twisted by the helical turbulence. This suggests that the
α–Ω dynamo is unlikely to operate to the flux tube inside
the solar convection zone. At the same time, there are
some unresolved problems on the flux-transport model
results from the active-region observations, which in-
clude that (i) emerging bipolar active regions have not
tilt, which is developed after while36,37; (ii) the evolu-
tion of tilt depend on the size of the active regions38,39;
(iii) the active regions rotate slower than surrounding
plasma with angular velocity that corresponds to the
near-surface shear layer40; (iv) the most effect to the rel-
ative sunspot number comes from small active regions37;
(v) the long-term evolution of tilt in the solar cycle is
still open38,41.
As for the meridional circulation, however, its spatial
pattern is still observationally open. It has been reported
that the behavior of dynamo magnetic field highly de-
pends on the flow pattern of the meridional circulation
adopted in the numerical simulation42,43. The current
observational status are seen in Zhao et al. 44 , Schad,
Timmer & Roth 45 , Rajaguru & Antia 46 . The flux trans-
port dynamo with very complicated meridional flow pat-
terns was investigated, and it was shown that if an equa-
torward flow in low latitudes at the bottom of the con-
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vective zone is present, the flux transport dynamo works
even in the case of a meridional circulation with very
complicated flow structures47. Similar works are seen
for dynamos with double and multiple cells48,49, and dy-
namos in the global 3D simulations50,51.
Apart from the practical predictability of the solar-
activity cycle, there are still open issues in the flux-
transport dynamo models. Some of them are related to
the evaluation of spatiotemporal distributions of turbu-
lence, its effects and boundary conditions in the solar
convection zone. For example, one of the essential in-
gredients of the flux-transport dynamo in general is the
requirement for the spatial distribution of the effective
or turbulent magnetic diffusivity: the turbulent magnetic
diffusivity should decrease as the radial position becomes
deeper. Because of this requirement, the magnetic field
moves in the equatorward direction reflecting the large-
scale circulation motion in the deeper region. Otherwise,
the magnetic field may move in the poleward direction
reflecting the circulation motion in the shallow region.
As has been seen in the above descriptions on the radial
dependence of the turbulent magnetic diffusivity β, basic
behaviors of the large-scale magnetic field highly depend
on the turbulent transport coefficients α and β, whose
spatiotemporal evolutions are still not fully understood.
In the current flux-transport dynamo model, the spatial
distribution of the turbulent magnetic diffusivity β is pre-
scribed, and the turbulent helicity-related transport coef-
ficient α is often treated as an adjustable parameter. An
interesting point is the role of the magnetic fluctuations
in magnetic-field reversal13,52. By comparing the obser-
vation of the photospheric magnetic-field data with the
predictions from a simple dynamo model with magnetic
fluctuations, it was shown that the magnetic fluctuation
level is highly connected with the behavior of the solar
dipole during the polarity reversal53.
One possible alternative approach is to consider the
spatiotemporal distributions of α and/or β by solving
the transport equations of them. Since the evolutions of
α, β, etc. depend on the mean fields, B, ∇ × B, etc.,
the inclusion of the transport equations of them enables
the incorporation of the nonlinear dynamics of dynamo
into the model. In this line of thought, Schlichenmaier &
Stix 54 introduced the dynamic part of the α coefficient,
α∗, in addition to the given kinetic part αL, and con-
structed a simple transport equation of α∗. By solving
the equation of α∗ as well as the equations for the toroidal
components of the vector potential and magnetic field, A
and B, the phase difference between the poloidal and
toroidal magnetic fields was reproduced in the numeri-
cal simulation. Related to the inviscid invariance of the
total magnetic helicity
∫
V a · bdV , it has some meaning
to construct a transport equation of the current helicity
density 〈b′ · j′〉 part of α, αm. Kleeorin, Rogachevskii &
Ruzmaikin 55 adopted a simple model equation for αm
and estimated the magnitude of the dynamo-generated
magnetic field in the solar-type convection zones.
In this paper, we suggest a new dynamo mechanism
without showing any preference to the flux-transport dy-
namo scenario itself. We shall focus our attention on the
inhomogeneous large-scale flow effect on the turbulent
electromotive force (EMF). As we see in the following
section, such an effect in the turbulent EMF is repre-
sented by the turbulent cross helicity (cross-correlation
between the velocity and magnetic fluctuations) coupled
with the mean or large-scale vorticity. Unlike the helic-
ity and energy-related transport coefficients, α and β, the
cross-helicity-related transport coefficient, γ, does change
its sign during the magnetic-field reversal. In this sense,
the spatiotemporal behaviors of the turbulent cross he-
licity is directly connected to the evolution of magnetic
fields including the polarity reversal.
The cross helicity itself has been investigated in sev-
eral contexts in space and astrophysical turbulence25.
Plasma relaxation with a cross-helicity constraint56, the
large-scale behavior of cross helicity in the solar-wind
turbulence57,58, and the trasnport enhancement and sup-
pression in the turbulent magnetic reconnection59–62 are
representative subjects of such investigations. In the con-
text of the solar dynamo and activity cycle, some studies
have been done related to the cross helicity. On the basis
of an expression for the turbulent cross-helicity and/or
the evolution equation of the turbulent cross helicity, the
dynamic evolution of the turbulent cross helicity under
the effects of the density stratification, large-scale mag-
netic fields, differential rotation, etc. were examined in
the frameworks of a mean-field dynamo and of a flux-
transport dynamo63–65. An attempt to measure the cross
helicity on the surface of the Sun by observation has been
also reported66.
A dynamo model, where the poloidal and toroidal
magnetic-fields are induced by the helicity and cross-
helicity effects, respectively, had been applied to the solar
magnetic-field reversal problem67. Although the dynam-
ics of the toroidal-field evolution was not solved there,
an oscillational behavior of the magnetic field was pre-
dicted with the aid of a very simple toy model. With
this point in mind, in addition to the mean magnetic-
field equations, in this work we shall include the trans-
port equation of the turbulent cross helicity rather than
the counterparts of the turbulent energy and/or helicity.
The organization of this paper is as follows. In Sec-
tion II, we point out the importance of the mean-flow
inhomogeneity in treating turbulence, and how this in-
homogeneity leads to the cross-helicity effect. In Sec-
tion III, the dynamo equations with the cross-helicity
effect are presented and reduced to the simplest form
with several assumptions and boundary conditions. In
Section IV, an eigenvalue analysis is carried out and the
critical condition for the oscillation of the magnetic field
and the turbulent cross helicity is argued. In Section V,
the butterfly diagram of the magnetic field is discussed
with special reference to the cross-helicity effect. The
concluding remarks are given in Section VI.
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II. FLOW INHOMOGENEITY AND CROSS-HELICITY
EFFECT
The inhomogeneities of the mean or large-scale fields
are important ingredients providing a free-energy source
for turbulence. For example, the mean-velocity shear, or
strictly speaking, the mean-velocity strain, is considered
to be one of the key ingredients producing turbulent en-
ergy. In the absence of the large-scale flow shear, we need
some external source or forcing to generate and sustain
turbulence. Here, we focus on the mean-flow inhomo-
geneity in dynamo and turbulence, and examine the re-
sultant effect on the turbulent electromotive force (EMF)
in the global magnetic-field equation.
A. Mean flow inhomogeneity in dynamos
The equation of the mean magnetic field B is written
as
∂B
∂t
= ∇× (U×B) +∇×EM + η∇
2B, (1)
whereU is the mean velocity, η is the molecular magnetic
diffusivity, and EM is the turbulent electromotive force
(EMF) defined by
EM ≡ 〈u
′ × b′〉 (2)
(u′: velocity fluctuation, b′: magnetic fluctuation, 〈· · · 〉:
ensemble average), which represents the turbulence effect
in the mean magnetic-field induction. In the first term of
Eq. (1), the motions parallel to the mean magnetic field
has no contributions, so we rewrite the first term on the
right-hand side (r.h.s.) as
∇× (U×B) = ∇× (U⊥ ×B)
= − (U⊥ · ∇)B−B (∇ ·U⊥) + (B · ∇)U⊥, (3)
whereU⊥ is the mean velocity perpendicular to the mean
magnetic field. The first term in Eq. (3) represents the
advective derivative of the mean magnetic field due to
the mean velocity. The second term represents the mean
magnetic-field reduction (or induction) due to the diver-
gence (∇ ·U⊥ > 0) [or convergence (∇ ·U⊥ < 0)] of the
mean velocity. The third term indicates that the mean
magnetic field is induced by a mean flow in the direc-
tion of the mean velocity if the velocity is inhomogeneous
along the mean magnetic field (the differential-rotation
effect). In the dynamo studies, this differential-rotation
effect, often called the Ω effect, has been considered to
play an essential role in producing the toroidal compo-
nent of the mean magnetic field from the poloidal one.
Next we consider the evolution of the fluctuation fields.
The equations of the velocity and magnetic fluctuations,
u′ and b′, are given as
Du′
Dt
[
≡
(
∂
∂t
+U · ∇
)
u′
]
= (B · ∇)b′ + (b′ · ∇)B− (u′ · ∇)U + · · · , (4)
Db′
Dt
[
≡
(
∂
∂t
+U · ∇
)
b′
]
= (B · ∇)u′ − (u′ · ∇)B+ (b′ · ∇)U+ · · · . (5)
In the case that the mean velocity U is assumed to be
uniform U = U0 (U0: uniform mean velocity), and the
inhomogeneity of the mean velocity is entirely neglected,
Eqs. (4) and (5) are reduced to
Du′
Dt
= (B · ∇)b′ + (b′ · ∇)B+ · · · , (6)
Db′
Dt
= (B · ∇)u′ − (u′ · ∇)B+ · · · . (7)
The temporal evolution of the turbulent electromotive
force EM [Eq. (2)], in general, is given by the equations
for the velocity and magnetic-field fluctuations as
D
Dt
〈u′ × b′〉 =
〈
Du′
Dt
× b′ + u′ ×
Db′
Dt
〉
. (8)
If we adopt Eqs. (6) and (7) for the fluctuation equations,
EM has no direct dependence on the mean-velocity inho-
mogeneities. The often-adopted Ansatz: “The turbulent
electromotive force should be expressed in terms of the
expansion of linear functions of the mean magnetic field”
as
〈u′ × b′〉α = ααaBa + βαab
∂Ba
∂xb
+ · · · , (9)
should be understood in this context of neglecting the
mean-velocity inhomogeneities in turbulence equations.
If we compare the fluctuation equations [Eqs. (6) and
(7)] with the mean-field equation [Eq. (1)], it is obvious
that the treatments of the mean-velocity inhomogeneities
in fluctuation and mean equations are remarkably differ-
ent. In the mean magnetic-field evolution, an inhomoge-
neous mean flow is considered to play an essential role
in magnetic field generation. On the other hand, in the
fluctuation evolution, the effects of inhomogeneous mean
flow are completely neglected.
B. Cross-helicity effect
1. Mean flow inhomogeneity and cross helicity
The turbulent cross helicity is the cross-correlation be-
tween the velocity and magnetic-field fluctuations defined
by
W ≡ 〈u′ · b′〉. (10)
If we retain the mean-velocity inhomogeneities in the
fluctuation equations [Eqs. (4) and (5)], from Eq. (8),
A new simple model for stellar cycle 5
we naturally have contributions of the cross helicity to
the turbulent EMF as
τ〈u′ × [(b′ · ∇)U] + [(u′ · ∇)U] × b′〉
α
= ǫαabτ〈u′ab′c〉
∂U b
∂xc
− ǫαbaτ〈b′au′c〉
∂U b
∂xc
= τ (〈u′ab′c〉+ 〈u′cb′a〉) ǫαab
∂U b
∂xc
, (11)
where τ is the characteristic time scale of turbulence.
If we adopt the isotropic representation of the cross-
correlation tensor:
〈u′ab′c〉+ 〈u′cb′a〉 =
2
3
δac〈u′ · b′〉 (12)
for simplicity, Eq. (11) is reduced to
τ〈u′ × [(b′ · ∇)U] + [(u′ · ∇)U] × b′〉
α
=
2
3
τ〈u′ · b′〉(∇×U)α. (13)
Of course, depending on the statistical properties of tur-
bulence, the cross-correlation should have been expressed
in a more elaborated form. In this sense, the isotropic
representation [Eq. (12)] is too much simplified. How-
ever, we still see that the primary quantity that is coupled
with the mean-flow inhomogeneity is the cross helicity or
the cross-correlation between the velocity and magnetic-
field fluctuations. For the elaborated expression for the
mean vorticity-related term in the turbulent EMF, see24
and25.
The above argument clearly shows that, if we retain the
mean-flow inhomogeneity in the turbulence equations, we
should include the cross-helicity effect into the the ex-
pression for the turbulent EMF, in addition to the usual
effects such as the turbulent magnetic diffusivity β and
the helicity or α effect. Then turbulent EMF should be
expressed as
EM = −βJ+ αB+ γΩ. (14)
Here, β is the turbulent magnetic diffusivity, which is re-
lated to the turbulent MHD energy, α is the helicity or α
effect, which is related to the turbulent residual helicity
(the difference of the kinetic and current helicity), and γ
is the cross-helicity effect, which is related to the turbu-
lent cross helicity. Simplified relationships are written as
β = Cβτ〈u
′2 + b′2〉/2 ≡ CβτK, (15a)
α = Cατ〈−u
′ · ω′ + b′ · j′〉 ≡ CατH, (15b)
γ = Cγτ〈u
′ · b′〉 ≡ CγτW, (15c)
where τ is the characteristic time scale of turbulence and
Cβ , Cα, and Cγ are the model constants. More elab-
orated expressions for these transport coefficients and
their relationship to Eq. (15) are given in Appendix A.
2. Physical origins
Equation (8) with Eq. (11) or (13) shows that the cross-
correlations between the velocity and magnetic fluctua-
tions coupled with the mean-flow inhomogeneities lead
to the cross-helicity effect in the turbulent EMF. In or-
der to get clear understanding of the cross-helicity effect,
here we shall feature the physical processes and condi-
tions that cause this effect.
As we saw the expressions in Eq. (15) [and its gener-
alized ones in Eq. (A1)], the transport property of tur-
bulence is mainly determined by the largest-scale fluctu-
ations or the energy-containing eddies. Since our main
interests lie in the turbulent transport represented by the
turbulent EMF, we shall here suppose that the random
fluctuations are characterized by the length scale ℓC of
the largest-scale fluctuations, which is roughly equal to
the energy-containing eddies. The mean fields can be in-
homogeneous within the dimension of ℓC as schematically
depicted in Fig. 1.
B
U
ℓC
b′
FIG. 1. Schematic picture of the energy-containing scale ℓC
and inhomogeneous mean fields. B: inhomogeneous mean
magnetic field, b′: magnetic fluctuation, U: inhomogeneous
mean flow. The fluctuating magnetic field b(= B + b′) is
depicted by distorted solid thin curves.
In hydrodynamic turbulence, it has been established
that a non-uniform mean flow will affect the turbulent
transport much. For instance, it is well-known that the
inhomogeneous mean flow gives an essential contribution
to the momentum transport through the Reynolds stress,
which is often expressed in terms of the eddy-viscosity
representation after Boussinesq as
〈u′αu′β〉D = −νT
(
∂Uα
∂xβ
+
∂Uβ
∂xα
)
, (16)
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where νT is the eddy or turbulent viscosity and AD de-
notes the traceless or deviatoric part of the tensor de-
fined by AαβD = A
αβ − Aaaδαβ/3. Note that Eq. (16)
is one of the simplest heuristic models for the Reynolds
stress. As for the theoretical derivation of the Reynolds-
stress expression [Eq. (16) and further] with the analyt-
ical expressions of the transport coefficients, the reader
is referred to68 (for mirrorsymmetric case) and69,70 (for
non-mirrorsymmetric case).
In what follows, we focus our attention on the mean-
flow inhomogeneity effect on the magnetic-field trans-
port.
a. Magnetic fluctuation in mean-flow shear Let us
consider a magnetic fluctuation b′ located in a large-scale
vortical or rotational motion (Fig. 2). Induction of the
magnetic fluctuation arising from the mean fluid motion
is subject to
∂b′
∂t
= ∇× (U× b′) + · · · (17)
or equivalently
Db′
Dt
= −b′∇ ·U+ (b′ · ∇)U+ · · · (18)
[see also Eq. (5)]. The first term in Eq. (18) is the mean-
flow dilatation effect, which vanishes in the incompress-
ible or solenoidal velocity case. The second term is as-
sociated with the rate of change that is observed in the
mean velocity U as we move along b′. The δb′ induction
due to this effect is written as
δb′ = τ (b′ · ∇)U. (19)
The direction of δb′ is in the direction of the mean flow
U as in Fig. 2. This effect may be regarded as the
turbulent counterpart of the differential-rotation effect
[Eq. (3)]. If we assume that the turbulent cross helic-
ity is positive (〈u′ · b′〉 > 0), the velocity fluctuation u′
is statistically aligned with the magnetic fluctuation b′,
although the relationship between the turbulent velocity
and magnetic-field vectors is much more random in each
realization. It follows from Eq. (19) that we have a con-
tribution to the turbulent EMF as 〈u′ × δb′〉, which is
parallel to the mean vorticity Ω for a positive turbulent
cross helicity (Fig. 2). For a negative turbulent cross he-
licity (〈u′ · b′〉 < 0), the contribution is antiparallel to Ω.
In Fig. 2, only a case with increasing U along b′ is de-
picted. In the opposite case with decreasing U along b′,
the direction of δb′ is antiparallel to the mean velocity
U. Even in this case, the final contribution to the tur-
bulent EMF, 〈u′ × δb′〉, is parallel to the mean vorticity
Ω as long as the turbulent cross helicity is positive.
The above argument shows that the combination of
the modulation of the magnetic fluctuation through the
inhomogeneous mean flow and the cross-correlation be-
tween the velocity and magnetic fluctuations leads to the
cross-helicity effect in the turbulent EMF.
Ω
u′
b′
δb′ =τ (b′⋅∇) U
UU
∇U
〈u′×δb′〉
〈u′⋅b′〉 > 0
FIG. 2. Magnetic fluctuation in the mean-flow inhomogeneity.
Contribution to the turbulent electromotive force (EMF) is
parallel (antiparallel) to the mean vorticity if the cross helicity
is positive (negative) in turbulence.
b. Velocity fluctuation in mean-flow shear We con-
sider a fluid element fluctuating (u′) in the mean vorti-
cal or rotational motion Ω shown in Fig. 3. The motion
is subject to the mean vortical motion, which is locally
equivalent to the rotation with an angular velocity of
ωF = Ω/2. A modulation of the velocity fluctuation,
δu′, is induced by the Colioris-like force as
δu′ = τu′ ×Ω. (20)
As in the previous case, we assume a positive cross he-
licity in turbulence (〈u′ · b′〉 > 0). Due to this assump-
tion, the magnetic fluctuation b′ is statistically aligned
with the velocity fluctuation u′. It follows from Eq. (20)
that we have a contribution to the turbulent EMF as
〈δu′ × b′〉, which is parallel to the mean vorticity Ω for
a positive turbulent cross helicity (Fig. 3).
Ω
b′
u′
δu′ =τu′×Ω
〈δu′×b′〉
〈u′⋅b′〉 > 0
FIG. 3. Velocity fluctuation in the mean-flow inhomogeneity.
Contribution to the turbulent electromotive force (EMF) is
parallel to the mean vorticity if the cross helicity is positive
in turbulence.
The above argument shows that it is the combina-
tion of the local angular-momentum conservation and the
cross helicity in turbulence that induces the cross-helicity
effect in the turbulent EMF.
3. Field configurations
In the usual dynamo model, the turbulent EMF is ex-
pressed by Eq. (14) with the cross-helicity-related term
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γΩ dropped. There the turbulent EMF is constituted of
the turbulent magnetic diffusivity β and the helicity or
α effects. The turbulent magnetic diffusivity β always
arises as far as turbulence is present. In this sense, β is
the primary effect of turbulence in the mean magnetic-
field evolution. If the mirrorsymmetry of turbulence is
broken typically by a rotation, some other turbulence ef-
fects such as the α effect enter into the turbulent EMF.
In case the β effect is mainly balanced by the α effect, a
mean-field configuration with the alignment between the
mean electric-current density and magnetic field, J and
B, is expected. In an extreme situation, the so-called
force-free field configuration (B ‖ J, J × B = 0) arises.
The direction of B relative to J (parallel or antiparal-
lel) depends on the sign of α. In the other extreme case
where the β effect is mainly balanced by the cross-helicity
or γ effect, a mean-field configuration with the alignment
between the mean electric-current density and vorticity,
J and Ω, is expected. One possible configuration that
leads to this alignment of J and Ω is the alignment of
B with the mean flow U. This suggests that a typical
mean-field configuration in the cross-helicity dynamo is
the mean magnetic field aligned to the mean velocity.
These situations may be schematically expressed as
α dynamo︷ ︸︸ ︷
EM = αB− βJ+ γΩ︸ ︷︷ ︸
cross-helicity dynamo
. (21)
Which of the α and γ effects plays a more relevant role
in turbulent dynamo depends on how much α and γ we
have in turbulence in addition to how much strong mean
magnetic field and vorticity, B and Ω, we have. We al-
ready saw in Eq. (15) that the transport coefficients are
directly related to the statistical property of turbulence.
From the turbulent dynamo viewpoint, the mean-field
configurations realized in astrophysical phenomena are
determined by how much residual and cross helicities we
have in turbulence and how they are spatiotemporally
distributed in relation to the turbulent energy, which de-
termines the dynamics of the turbulent magnetic diffu-
sivity β.
It is worthwhile to note that, the turbulent EMF ex-
pression [Eq. (14)] was validated with the aid of a di-
rect numerical simulation (DNS) of the Kolmogorov flow
with an imposed magnetic field in the inhomogeneous
direction71. In the numerical experiment, it was shown
that the cross-helicity effect coupled with the mean vor-
ticity is the main balancer to the turbulent magnetic dif-
fusivity, and the role of the helicity effect in this partic-
ular flow is almost negligible. For detailed explanations
of the cross helicity and related dynamo, the reader is
referred to25.
4. Cross-helicity evolution
Thus far, we have seen that the turbulent electromotive
force (EMF) has a contribution from the mean-flow inho-
mogeneity in the presence of the turbulent cross helicity.
How much cross helicity we have in turbulence is another
problem. In this subsection, we address this problem by
considering the transport equation of the turbulent cross
helicity.
From Eqs. (4) and (5), the evolution equation of the
turbulent cross helicity W is written as
DW
Dt
= −Rab
∂Bb
∂xa
−EM ·Ω− εW + TW , (22)
where R = {Rαβ} is the Reynolds stress defined by
Rαβ = 〈u′αu′β − b′αb′β〉. (23)
Strictly speaking, this should be called the Reynolds
stress subtracted by the turbulent Maxwell stress, but
we denote Eq. (23) as the Reynolds stress of MHD tur-
bulence in this work.
In Eq. (22), the first and the second terms are called
the production terms since they express how much cross
helicity is generated in turbulence through the cascade
from the mean-field cross helicity U · B. This point is
clearer if we write the evolution equation of U ·B as
D
Dt
U ·B = +Rab
∂Bb
∂xa
+EM ·Ω+ · · · , (24)
which contains exactly the same terms but with the op-
posite signs as Eq. (22).
The third and fourth terms in Eq. (22), εW and TW ,
are the dissipation and transport terms, respectively,
whose definitions and detailed expressions are suppressed
here. In turbulence modeling, the transport terms are
expressed as
TW = B · ∇K +∇ ·
(
νK
σW
∇W
)
, (25)
where νK is the turbulent viscosity and σW is the Prandtl
number for the cross-helicity diffusion.
For detailed arguments on the turbulent cross-helicity
evolution including the modeling of the turbulent cross-
helicity dissipation rate εW , the reader is referred to
58.
III. DYNAMO EQUATIONS WITH THE
CROSS-HELICITY EFFECT
A. Basic dynamo equations with the cross-helicity effect
If we adopt Eq. (14) for EM, the mean magnetic in-
duction equation is written as
∂B
∂t
= ∇×(U×B)+∇×(−β∇×B+ αB+ γΩ) . (26)
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In usual simple dynamo models such as the Parker
model, only the transport equations for the magnetic
field are taken into account with the transport coeffi-
cients being treated as parameters. In contrast, in the
present work, in addition to the B equation, we consider
the spatiotemporal evolution of the transport coefficient
γ, which is related to the cross-helicity effect. On the
basis of Eq. (22), the γ equation is modeled as
∂γ
∂t
= β∇2γ − ατB ·Ω+ βτ(∇×B) ·Ω− γτΩ2. (27)
Here, the first term arises from the second term in
Eq. (25), and the second to fourth terms come from the
second term in Eq. (22) with EM [Eq. (14)].
Equations (26) and (27) constitute the basic dynamo
equations with the cross-helicity effect.
B. Assumptions on the rotation and magnetic field
Let us consider the local Cartesian coordinate (x, y, z),
where x, y, and z axes are directed in the colatitudinal
(θ), azimuthal (φ), and radial (r) directions, respectively:
(x, y, z) = (θ, φ, r). (28)
We assume the azimuthal symmetry:
∂/∂φ = ∂/∂y = 0. (29)
As for the solar rotation in the convection zone, we
assume that the mean velocity is only in the azimuthal
direction and omit the meridional circulations as
U = (Ux, Uy, Uz) = (0, Uy, 0), (30)
with the mean-velocity shear in the latitudinal and ra-
dial direction, ∂Uy/∂x[∼ (1/r)∂Uφ/∂θ] and ∂Uy/∂z(∼
∂Uφ/∂r).
As usual, the mean magnetic field is decomposed into
the toroidal and poloidal components, Btor and Bpol, re-
spectively as
B = (Bx, By, Bz) = Btor +Bpol
= (0, By, 0) +∇× (0, Ay, 0)
= (0, By, 0) +
(
−
∂Ay
∂z
, 0,
∂Ay
∂x
)
. (31)
Hereafter we drop index y on By, Ay, and Uy for the
brevity of notation.
C. Basic dynamo equations
We further omit the α-related term in the equation for
B. This is because we assume the toroidal magnetic field
is dominantly generated by the mean-velocity inhomo-
geneities. Under these assumptions, Eqs. (26) and (27)
are reduced to the following equations.
Vector potential for poloidal field:
∂A
∂t
= β
(
∂2A
∂x2
+
∂2A
∂z2
)
+ αB, (32)
Toloidal field:
∂B
∂t
= β
(
∂2B
∂x2
+
∂2B
∂z2
)
−
∂2U
∂z2
γ −
∂2U
∂x2
γ
−
∂U
∂z
∂γ
∂z
−
∂U
∂x
∂γ
∂x
−
∂U
∂z
∂A
∂x
−
∂U
∂x
∂A
∂z
, (33)
Cross helicity:
∂γ
∂t
= β
(
∂2γ
∂x2
+
∂2γ
∂z2
)
− ατ
(
∂U
∂x
∂A
∂x
+
∂U
∂z
∂A
∂z
)
+βτ
(
∂U
∂x
∂B
∂x
−
∂U
∂z
∂B
∂z
)
−γτ
[(
∂U
∂x
)2
+
(
∂U
∂z
)2]
. (34)
D. Non-dimensionalization
We introduce non-dimensional variables as
B = B0B˜, A = B0LA˜, γ = γ0γ˜ = B0Lγ˜, x = Lx˜,
t = (L2/β0)t˜, U = U0U˜ , α = α0α˜, β = β0β˜ (35)
with characteristic magnetic-field strength B0, length
scale L, cross-helicity effect γ0, turbulent magnetic diffu-
sivity β0, mean-flow speed U0, helicity effect α0.
We assume some symmetries with respect to the equa-
tor (x = π/2) for the mean-flow speed U , helicity effect
α, turbulent magnetic diffusivity β, and time scale t as
U˜ = sinx, α˜ = cosx, β˜ = 1, t˜ = 1. (36)
Namely, at the equator, the mean flow is symmetric and
maximum while the helicity is antisymmetric and van-
ishes. The turbulent magnetic diffusivity and character-
istic time scale are uniform.
We omit all the tilde˜of the non-dimensional variables
in the following. As for the radial or z dependence of A,
B, and γ, we assume exp(ikz) dependence, and assume
∂U/∂z = kuU . Then Eqs. (32)-(34) are rewritten as
∂A
∂t
=
∂2A
∂x2
− k2A+Rα cosxB, (37)
∂B
∂t
=
∂2B
∂x2
− k2B
− Ru
(
k2u sinxγ + ikku sinxγ − sinxγ + cosx
∂γ
∂x
)
+ Ru
(
ku sinx
∂A
∂x
− ik cosxA
)
, (38)
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∂γ
∂t
=
∂2γ
∂x2
− k2γ
− RαRu
(
cos2 x
∂A
∂x
− ikku sinx cos xA
)
+ Ru
(
cosx
∂B
∂x
− ikku sinxB
)
− R2u
(
cos2 x+ k2u sin
2 x
)
γ, (39)
where
Ru = U0L/β0, (40)
Rα = α0L/β0. (41)
The first one Ru is the turbulent Reynolds number based
on the turbulent magnetic diffusivity β. The second one
Rα represents the relative amplitude of the helicity or α
effect to the turbulent magnetic diffusivity β. These two
non-dimensional numbers determine the basic behavior
of the magnetic field and the cross helicity in this system
of equations.
For the sake of simplicity, we assume k = 0, i.e., neglect
the radial or z derivatives of A, B, and γ. It implies
from Eq. (31) that the colatitudinal component of the
magnetic field vanishes (Bx ≃ Bθ = 0).
Here, we introduce fi = {0, 1} to switch individual
terms on and off. With fi Eqs. (37)-(39) are written as
∂A
∂t
=
∂2A
∂x2
+Rα cosxB, (42)
∂B
∂t
=
∂2B
∂x2
+Ru
(
−f1k
2
u sinxγ + f2 sinxγ
−f3 cosx
∂γ
∂x
)
+Ru
(
f4ku sinx
∂A
∂x
)
, (43)
∂γ
∂t
=
∂2γ
∂x2
− RαRuf5
(
cos2 x
∂A
∂x
)
+Ruf6 cosx
∂B
∂x
−R2uf7
(
cos2 x+ k2u sin
2 x
)
γ. (44)
If we put f1 = f2 = f3 = f5 = f6 = f7 = 0, f4 = 1 in
Eqs. (42)-(44) and omit the equation of γ itself, we get
the usual α–Ω dynamo model:
∂A
∂t
=
∂2A
∂x2
+Rα cosxB, (45)
∂B
∂t
=
∂2B
∂x2
+Ru
(
ku sinx
∂A
∂x
)
. (46)
If we put f1 = f3 = f4 = f6 = f7 = 0, f2 = f5 = 1, we
reproduce the original cross-helicity dynamo model:
∂A
∂t
=
∂2A
∂x2
+Rα cosxB, (47)
∂B
∂t
=
∂2B
∂x2
+Ru sinxγ, (48)
∂γ
∂t
=
∂2γ
∂x2
−RαRu
(
cos2 x
∂A
∂x
)
. (49)
We further introduce new variables
A˜ = RαRuA, B˜ = R
2
αRuB, (50)
and omit the tilde˜again, then we have
∂A
∂t
=
∂2A
∂x2
+ cosxB, (51)
∂B
∂t
=
∂2B
∂x2
+ P 2 sinxγ, (52)
∂γ
∂t
=
∂2γ
∂x2
− cos2 x
∂A
∂x
, (53)
where
P = RαRu. (54)
From Eqs. (51)-(53) show that the solution depends only
on the square of dynamo number P = RαRu.
E. Boundary conditions and free-decay modes
We put the characteristic length scale L = π/2. For
the x or colatitude coordinate, x = 0, x = π/2, and
x = π correspond to the “Northpole”, “Equator”, and
“Southpole”, respectively.
0 π/2 π
Northpole Equator Southpole
x
FIG. 4. Colatitudinal coordinate or x. x = 0 corresponds to
the northpole, x = π/2 the equator, x = π the southpole.
The boundary conditions for the solutions of A, B, and
γ for the poles should be
x = 0, π : A = B =
∂γ
∂x
= 0. (55a)
As for the equator, the boundary conditions for the an-
tisymmetric solution (“dipole”) are
x = π/2 :
∂A
∂x
= B = γ = 0, (55b)
and the ones for the symmetric solution (“quadruple”)
are
x = π/2 : A =
∂B
∂x
=
∂γ
∂x
= 0. (55c)
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In what follows, we adopt only the boundary conditions
for antisymmetric (“dipole”) solution.
The boundary conditions for γ or equivalently the tur-
bulent cross helicity are not so clear as compared with
those for A and B or the mean magnetic fields. In the
dipole field configuration, from the antisymmetric prop-
erty of the turbulent cross helicity, γ should vanish at the
equator as Eq. (55b). However, the spatiotemporal dis-
tributions of the turbulent cross helicity near the poles
are still open. Since we adopted a slab geometry with
the local Cartesian coordinate Eq. (28), there are several
differences between the boundary regions (x = 0, π) and
the real pole regions. With this point in mind, we adopt
Eq. (55a) as the simplest boundary conditions for γ or
the turbulent cross helicity.
We consider the case of “free-decay” of A, B, and γ,
which obey
∂A
∂t
=
∂2A
∂x2
,
∂B
∂t
=
∂2B
∂x2
,
∂γ
∂t
=
∂2γ
∂x2
. (56)
In this situation, all of A, B, and γ just decay due to
the turbulent magnetic diffusion represented by the first
terms of Eqs. (32)-(34). The solutions of these equations,
satisfying the boundary conditions Eqs. (55a) and (55b),
can be written as
An = e
ωnt sinnx with ωn = −n
2, n = 1, 3, 5, · · · ,
(57a)
Bn = e
ωnt sinnx with ωn = −n
2, n = 2, 4, 6, · · · ,
(57b)
γn = e
ωnt cosnx with ωn = −n
2, n = 1, 3, 5, · · · .
(57c)
Note that these solutions constitute a complete and or-
thogonal system of functions which already satisfies the
boundary conditions [Eqs. (55a) and (55b)].
IV. EIGENVALUE ANALYSIS
Now we consider the solution of the present dynamo
equations [Eqs. (51)-(53)] as eigenvalue problem. We
may expand the dynamo solution in any complete or-
thogonal system of functions which satisfies the bound-
ary conditions. For the sake of simplicity, here we expand
the dynamo solution in the free-decay modes [Eq. (57)].
A(x, t) = eωt
N−1∑
n=1,3,5,···
an sinnx, (58a)
B(x, t) = eωt
N∑
n=2,4,6,···
bn sinnx, (58b)
γ(x, t) = eωt
N−1∑
n=1,3,5,···
cn cosnx. (58c)
Substituting Eq. (58) into Eqs. (51)-(53), we obtain
ω
∑
n=1,3,···
an sinnx = −
∑
n=1,3,···
ann
2 sinnx
+ cosx
∑
n=2,4,·
bn sinnx, (59)
ω
∑
n=2,4,···
bn sinnx = −
∑
n=2,4,···
bnn
2 sinnx
+ P 2 sinx
∑
n=1,3,·
cn cosnx, (60)
ω
∑
n=1,3,···
cn cosnx = −
∑
n=1,3,···
cnn
2 cosnx
− cos2 x
∑
n=1,3,·
ann cosnx. (61)
After simplifying Eqs. (59)-(61) with trigonometric
relations, we multiply equations for an and bn by
sinmx and equation for cn by cosmx, and integrate
(π/4)
∫ pi/2
0 dx. Using orthogonality relations such as∫ pi/2
0
sinnx sinmxdx =
∫ pi/2
0
cosnx cosmx =
π
4
δnm,
(62a)∫ pi/2
0
sinnx cosmxdx = 0, (62b)
we obtain
ωam = −m
2am +
1
2
(bm−1 + bm+1)
(m = 1, 3, 5, · · · , N), (63)
ωbm = −m
2bm +
P 2
2
(cm−1 − cm+1)
(m = 2, 4, 6, · · · , N + 1), (64)
ωcm = −m
2cm
−
1
4
[(m− 2)am−2 + 2mam + (m+ 2)am+2]
(m = 1, 3, 5, · · · , N). (65)
We then have a matrix eigenvalue problem
ωu = Mu, (66)
with the vector constituted by the expansion coefficients
u = (a1, b2, c1, a3, b4, c3, a5, b6, c5, · · · , aN , bN+1, cN )
T ,
(67)
and the matrix
A new simple model for stellar cycle 11
M =


−1 1/2
−4 P 2
/
2 −P 2
/
2
−2/4 −1 −3/4
1/2 −9 1/2
−16 P 2
/
2 −P 2
/
2
−1/4 −6/4 −9 −5/4
. . .
. . .
. . .
1/2 −N2 1/2
− (N + 1)
2
P 2
/
2
− (N − 2)/4 −2N/4 −N2


. (68)
The eigenvalue ω is expressed in terms of P [Eq. (54)].
We display ω(P ) diagrams for P > 0 and P < 0. The
diagram is schematically depicted in Fig. 5.
ωI
ωR
osc. growth
mon. growth
osc. decay
mon. decay
Pcrit
FIG. 5. Schematic diagram of ω(P ).
The vanishing of ωI (ωI = 0) gives the monotonic
growth (ωR > 0) or decay (ωR < 0). The cases with a
finite ωI correspond to the oscillational growth (ωR > 0)
or decay (ωR < 0). The critical dynamo number is deter-
mined where ωR(Pcrit) = 0 in Fig. 5. This critical value
Pcrit gives the pure (neither growth nor decay) oscillation
of the magnetic fields and the turbulent cross helicity.
V. BUTTERFLY DIAGRAMS
An oscillational solution is marginally excited at
Pcrit = 18.1 with ωI = 3.4. (69)
The butterfly diagrams of the magnetic fields and the
turbulent cross helicity are shown in Fig. 6, where the
colatitudinal distribution of the poloidal magnetic field
Br(θ, t) = Bz(x, t) = ∂A/∂x is plotted in color and
the toroidal magnetic field Bφ(θ, t) = By(x, t) in contour
(top), and the turbulent cross-helicity-related coefficient
γ(x, t) (bottom) are displayed against time.
Here, the non-dimensional time is defined by Eq. (35).
The non-dimensional time interval tˆ = 1 corresponds to
t = 45 yr for β0 = 10
12 cm2 s−1 and t = 4.5 yr for
β0 = 10
13 cm2 s−1.
We see from Fig. 6 (a) that, approximately from time 0
to 1, the positive and negative cross helicities are gener-
ated in the northern and southern hemispheres, respec-
tively. The generation starts in the higher latitude re-
gions and extends towards the lower latitude regions as
the time proceeds.
Figure 6 (b) shows that the induction of the mean
toroidal magnetic field By [positive (negative) in the
northern (southern) hemisphere] follows the generation
of the turbulent cross helicity γ. The induction is first
prominent in the higher latitude regions then gradually
moves to the lower latitude regions.
Figure 6 (c) shows that the generation of the poloidal
magnetic field Bz [positive (negative) in the northern
(southern) hemisphere] follows that of the toroidal mag-
netic field By. At the initial stage of generation, the
poloidal field is prominent in the higher latitude region
then its dominant part moves to the lower latitude region.
Once the poloidal magnetic field has been induced, the
turbulent cross helicity with the opposite sign [negative
(positive) in the northern (southern) hemisphere] starts
being generated. This process starts in the higher lati-
tude regions and moves to the lower latitude regions.
VI. CONCLUDING REMARKS
We proposed a new simple dynamo model for the stel-
lar activity cycle, in which the effect of the mean-flow in-
homogeneity on turbulence is incorporated through the
turbulent cross helicity (velocity–magnetic-field correla-
tion). In addition to the mean magnetic-field equations,
the transport equation of the turbulent cross helicity is
simultaneously solved in the model. The basic scenario
of this dynamo model is as follows.
- The positive or negative turbulent cross helicity,
whose total amount through the full volume or
sphere is zero, is locally generated by the inho-
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FIG. 6. Butterfly diagram. (a) The cross-helicity related coefficient γ [−0.5, 0.5]. (b) The toroidal field Bφ = By [−0.8, 0.8].
(c) The poloidal magnetic field Br = Bz(= ∂A/∂x) [−0.2, 0.2]. The solid and dashed contours denote the positive and negative
values, respectively. The equator (latitude 0◦) corresponds to colatitude of θ = x = π/2.
mogeneous configurations of the mean velocity and
magnetic fields;
- A large-scale toroidal magnetic field is generated
by the turbulent cross-helicity effect coupled with
the large-scale vortical or rotational motions;
- A large-scale poloidal magnetic field is generated
from the toroidal magnetic field through the α or
helicity effect reflecting the helical property of tur-
bulence coupled with the large-scale magnetic field;
- The poloidal magnetic field generated by the α or
helicity effect is coupled with the large-scale vorti-
cal or rotational motions, then contributes to gen-
erate the turbulent cross helicity whose sign is op-
posite to the original turbulent cross helicity;
- Staring with the turbulent cross helicity of a re-
versed sign, a toroidal magnetic field whose polar-
ity is reversed as compared to the original one is
induced. Then the second half of a cycle of the
oscillatory behavior of the magnetic field follows.
In this scenario, the oscillation of the turbulent cross
helicity is considered to play an essential role in the mag-
netic polarity reversal. It is clear that the sign of the
cross helicity changes as the magnetic field changes its
polarity:
〈u · b〉 7−→ 〈u · −b〉 = −〈u · b〉 (70)
with b 7−→ −b. Then important point to examine is the
phase relationship between the turbulent cross helicity
and the mean magnetic field: which of the turbulent cross
helicity and the mean magnetic field changes its sign in
advance to the other. As for this phase relationship, the
present results of the eigenvalue analysis show that the
sign change of the turbulent cross helicity should proceed
to the counterpart of the mean magnetic field. In this
sense, the cross-helicity oscillation is not the result of the
magnetic polarity reversal, but the cause of the latter.
In the present model we adopt the cross-helicity effect
coupled with the mean vorticity [the P 2-related terms in
Eq. (52) originated from the f1- and f2-related terms in
Eq. (43)] but neglect the differential-rotation or Ω effect
[the f4-related term in Eq. (43)] as the toroidal magnetic-
field generation mechanism. This treatment does not
deny the importance of the Ω effect. What we showed
here is that some basic features of the solar-activity cy-
cle can be reproduced by the cross-helicity effect even
without resorting to the Ω effect.
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On the other hand, the cross-helicity effect presented
in this work seems to be similar to the Ω effect since both
arise from the mean-velocity inhomogeneity [compare the
second terms of Eqs. (46) and (48)]. The cross-helicity ef-
fect depends on the presence of the turbulence and of the
cross-correlation between the velocity and magnetic-field
fluctuations whereas the Ω effect does not need turbu-
lence itself. Examination of the relative importance of
the cross-helicity effect to the Ω one in a realistic stellar
situation, including the solar case, would provide a very
interesting subject of study.
The relative importance of the cross-helicity effect to
the differential rotation effect is estimated by
Γ =
|∇ × (γΩ)|
|∇ × (U×B)|
. (71)
From the second terms of Eqs. (48) and (46), Γ can be
expressed as
Γ =
γ
ku
∂A
∂x
∼
〈u′ · b′〉
D
(
∂U
∂r
)
Br
τturb
τmean
∼
〈u′ · b′〉
δUBr
Ro−1,
(72)
where D is the radial length scale (dimension of con-
vection zone), δU is the toroidal velocity difference with
respect to the radial direction, Ro is the Rossby num-
ber based on differential velocity (ratio of the mean and
turbulence timescales, τmean and τturb) defined by
Ro =
τmean
τturb
=
D/δU
K/ε
(73)
[K: turbulent energy defined in Eq. (15a), ε: its dis-
sipation rate]. We see from Eq. (72) that the Γ ratio
can not be negligible if the turbulent cross helicity asso-
ciated with the mean toroidal fields is comparable with
the poloidal magnetic field Br multiplied by the differ-
ential velocity δU . Of course, in a nearly solid rotation
case (δU ≃ 0), Γ becomes very large.
An estimate of Γ using a direct numerical simulation
(DNS) of the solar-like convective shell suggests that
Γ . 0.2 at the bottom of convection zone (r/rsun ≤ 0.75).
The Γ value monotonically increases as the radial po-
sition increases, and reaches Γ & 2 near the surface
(r/rsun ≥ 0.96). This increase is mainly caused by the
increase of the mean vorticity near the surface region.
This suggests the cross-helicity effect is important near
the surface of the solar convection zone72.
As we saw in § II B 2, the physical origin of the cross-
helicity effect consists of the vortical and/or rotational
motion and the cross-correlation between the velocity
and magnetic-field fluctuations. This suggests that the
cross-helicity effect arises even in a solid-rotation case
while the Ω effect requires a preferred differential ro-
tation. This is a substantial difference between the
two effects. It must be very interesting to apply the
present cross-helicity dynamo to an astrophysical body
that rigidly rotates in a highly turbulent state, such as a
red dwarf (a small and relatively cool star on the main
sequence).
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Appendix A: Detailed expressions for the transport
coefficients
It is worth while to note that Eq. (13) is based on the
most simplified assumption on the statistical property of
turbulence, Eq. (12). In realistic turbulence, we should
adopt more elaborated closure applicable to the inhomo-
geneous anisotropic magnetohydrodynamic (MHD) tur-
bulence. Results obtained from one of such elaborated
closure schemes are seen in Yoshizawa 24 and Yokoi 25 .
These results were obtained without resorting to the
quasi-linear or so-called first-order smoothing approxi-
mation (FOSA). On the contrary, these results are based
on a theory that is appropriate for the fully-nonlinear
turbulence with very high kinetic and magnetic Reynolds
numbers24,25,68,73. According to the results of such anal-
yses, the primary part of the EMF is expressed by
Eq. (14), but with much more elaborated expressions for
the turbulent transport coefficients such as
β =
∫
dk
∫ t
−∞
dτ ′G(k,x; τ, τ ′, t)
[Quu(k,x; τ, τ
′, t) +Qbb(k,x; τ, τ
′, t)] , (A1a)
α =
∫
dk
∫ t
−∞
dτ ′G(k,x; τ, τ ′, t)
[−Huu(k,x; τ, τ
′, t) +Hbb(k,x; τ, τ
′, t)] , (A1b)
γ =
∫
dk
∫ t
−∞
dτ ′G(k,x; τ, τ ′, t)
[Qub(k,x; τ, τ
′, t) +Qbu(k,x; τ, τ
′, t)] , (A1c)
where G, Quu, Qbb, Huu, Hbb, Qub, etc. denote the prop-
agators (response or Green’s functions and spectral func-
tions) of lowest-order turbulent fields in the wave-number
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space. The green’s function G tells the weight of the past:
how much the past affects the present state of turbu-
lence. For example, if we can treat the time and spectral
integrals independently, the time integral of the Green’s
function just gives a timescale of turbulence:
τ =
∫ t
−∞
dt′G(x; t, t′) (A2)
with the spectral integral of the spectral function leading
to the turbulent energy density:
K =
∫
dk [Quu(k,x; t) +Qbb(k,x; t)] . (A3)
In this specific case, we obtain the simplest expression
corresponding to Eq. (15a). In this sense, expressions
[Eq. (A1)] are the natural generalization of the simplest
model expressions of Eq. (15).
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